We study supersymmetry breaking from a lattice model of N = 2 supersymmetric quantum mechanics using the direct computational method proposed in arXiv:1803.07960. The vanishing Witten index is realized as a numerical result in high precision. The expectation value of Hamiltonian is evaluated for the double-well potential. Compared with the previous Monte-Carlo results, the obtained vacuum energy coincides with the known values within small errors for strong couplings. The instanton effect is also reproduced for weak couplings. The used computational method helps us to evaluate the effect of finite lattice spacings more precisely and to study the mechanism of non-perturbative supersymmetry breaking from lattice computations.
Introduction
Supersymmetry (SUSY) plays an important role in physics beyond the standard model and a quantum theory of gravity such as superstring theory, while it should be broken at a low energy scale. So various mechanisms that trigger SUSY breaking have been studied with great interest for a long time [1, 2] . Since SUSY can be spontaneously broken by a non-perturbative effect, the lattice computation is expected to be useful to study the breaking mechanism in detail [3, 4, 5, 6, 7] .
The lattice approach to SUSY, however, suffers from several problems stemmed from two fundamental issues, no infinitesimal translation on the lattice and the sign problem of the Monte-Carlo method. The absence of the infinitesimal translation is directly associated with the explicit SUSY breaking of the lattice action and no explicit definition of Hamiltonian, while the sign problem is a practical issue of the Monte-Carlo method, from which general SUSY theories suffer.
In order to control the artificial SUSY breaking due to the lattice cut-off, various studies have been carried out so far [8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26] . In N = 2 supersymmetric quantum mechanics (SUSY QM), lattice models with non-local SLAC derivative and improved Wilson term and one-exact supersymmetric action have been studied [14, 16, 27, 28] . The similar lattice models were also proposed in two-dimensional Wess-Zumino model [29, 14, 30, 31, 32, 4, 27, 33, 34, 35, 36, 37, 5, 28, 38] 1 . With a few exact supersymmetries, an appropriate lattice Hamiltonian can be defined such that the zero point energy vanishes [4] . Thus, one can say that the first issue which is related to the translational invariance is resolved at least for low dimensional models.
On the other hand, it is not straightforward to apply the Monte-Carlo method to models with supersymmetry breaking. For the periodic boundary condition, the partition function (Witten index) vanishes, and the expectation values are formally ill-defined without any regularization. Even if we impose the anti-periodic boundary condition on the fermions to avoid this issue, it is quite difficult to study the SUSY breaking triggered by an instanton effect to which the Monte-Carlo method is not readily applicable. Even for SUSY QM, the importance sampling is hard for the double-well potential unless very strong couplings are taken since SUSY is broken by rare tunnelings between two minima of the double-well [4, 36] .
Recently the authors have proposed an alternative computational method based on the transfer matrix in SUSY QM [26] , which is closely associated with the tensor network approach applicable to higher dimensional field theories. The correlation functions can be computed as a product of transfer matrices, and any stochastic process is not needed. Thus the numerical results are given without statistical uncertainty, and the sign problem never exists in the first place. For theories without SUSY breaking, we have found that numerical results reproduce the known results. However, with SUSY breaking, it is still unknown whether this method is useful or not. In order to investigate SUSY breaking in higher dimensional models, further numerical studies in SUSY QM with this method are needed.
This paper presents a lattice computation of the vacuum energy for the double well potential (φ 4 theory) with SUSY breaking using the transfer matrix method. We employ the lattice action with one exact supersymmetry [14] . In order to avoid the vanishing partition function, we compute the expectation value of Hamiltonian [4] at finite temperature (with anti-periodic boundary condition for the fermions) and obtain the vacuum energy taking the low-temperature limit. Compared with the previous Monte-Carlo results [4] , our results show good agreement with the known results for a wide range of coupling constants.
The rest of this paper is organized as follows. Section 2 describes N = 2 supersymmetric quantum mechanics with the path integral formulation and an introduction to the direct computational method based on the transfer matrix. Then, we see the expectation value of Hamiltonian for the cubic superpotential in section 3. A summary and future perspectives are discussed in section 4.
SUSY QM on the lattice and the computational method

SUSY QM
N = 2 supersymmetric quantum mechanics is described by the Hamiltonian [1, 2, 40] 
with the position operatorq, the momentum operatorp and the fermionic creation and annihilation operatorsb † ,b. W (q) is any function ofq, which is called superpotential.
Those operators satisfy the relations
and act the state vectors aŝ
Since F ≡b †b is the fermionic number operator, |+ is a fermionic state with F = 1 while |− is a bosonic state with F = 0.
SuperchargesQ andQ † given bŷ
map a fermionic state to a bosonic state and vice versa.Q andQ † commute withĤ becauseĤ = 
{Q,Q
† } andQ 2 =Q †2 = 0. Any energy eigenstate |ψ has non-negative energy because E = ψ|Ĥ|ψ = |Q|ψ | 2 ≥ 0. SUSY is broken when there are no normalized energy eigenstates with E = 0.
We can learn whether SUSY is broken or not from the Witten index,
where the trace is taken over all normalized states. Since the states appear as a pair |± with E = 0 and cancel with each other in (6), we have
where n Supersymmetry is broken for a quadratic superpotential [1, 2] , W (x) 2 with the dimensionless coupling constant λ = g/m 3/2 . The reason why SUSY is broken is intuitively understood. The potential has two classical vacua corresponding to two minima x = {0, −2/(λ √ m)}. These two vacua respect supersymmetry because the classical potential vanishes. After the quantization, the tunneling between these two vacua causes the overlap of the wave function, and the true vacuum energy becomes non-zero.
3
The classical action of N = 2 supersymmetric quantum mechanics is given by
where φ ∈ R is a bosonic variable and ψ,ψ are fermionic variables (onecomponent Grassmann numbers). All variables φ, ψ,ψ satisfy the periodic boundary condition such as
The action is invariant under the supersymmetry transformations,
where ǫ and ǫ are one-component Grassmann numbers. The Witten index can be expressed as a path integral form,
Note again that all field satisfy the periodic boundary condition (10) . However, any expectation value is formally ill-defined since the partition function w = 0 for the superpotential (8) .
To define a well-defined expectation value, we consider a statistical system whose partition function is given by
with the inverse temperature β = 1/T . We also write it down as a pathintegral form,
where φ satisfy the periodic boundary condition while ψ(t) andψ(t) satisfy the anti-periodic boundary condition such as
Note that supersymmetry is explicitly broken due to the anti-periodic boundary condition for the fermions. The expectation value of an operator O is defined in the standard manner as
since Z is non-zero in general. The vacuum energy is obtained as the large β limit of the expectation value of Hamiltonian H .
Lattice theory
The lattice theory is defined on a lattice such that lattice sites are labeled by discretized points with equal intervals, t ∈ aZ. The field variables live on the sites and lattice boson and fermion are expressed as φ t and ψ t , respectively. The forward and backward difference operators ∇ ± are given by
Here we set the lattice spacing a = 1 without loss of generality.
The off-shell expression of the lattice action [14] is given by
To discuss the SUSY invariance, we first assume that all field satisfy the periodic boundary condition such as
where N is the size of the lattice. We consider lattice supersymmetry transformations δ = ǫQ +ǭQ:
These transformations obey Q 2 =Q 2 = 0 and {Q,Q} = −(∇ + + ∇ − ). For free theory, we can easily show that the lattice action (19) is invariant under both of Q andQ-transformations. However, for interacting cases, the Q-symmetry is only kept on the lattice because the action (19) can be written as a Q-exact form thanks to the surface term ∇ − φ t W (φ t ) while thē Q-symmetry is explicitly broken. Numerical and some analytical studies show that full supersymmetry is restored in the continuum limit [14, 31, 26] .
The Witten index is given by the path integral form such as (12) with the lattice action (19) . The expectation value is, however, ill-defined due to an issue of 0/0 since w vanishes for (8) on the lattice. So we impose the anti-periodic boundary condition on the fermions as
As with (14) , the non-zero partition function is given by
with well-defined path integral measures,
where dψ and dψ are the standard Grassmann integral measures and the measure for D is given as well as (24) . The expectation value is defined in the same manner as (16) . The vacuum energy is obtained from the zero temperature limit of H once an appropriate discretization of Hamiltonian is defined. Since the lattice discretization breaks the translational symmetry, we have to deal with the lattice definition of Hamiltonian carefully. With the exact Q-symmetry, the authors of Ref. [4] proposed a lattice Hamiltonian,
with a supercurrentJ corresponding toQ-transformation,
The Q-exactness of (26) suggests us that the vacuum energy with the correct zero point energy is obtained from H . The explicit form of H is
Using the following identities,
we obtain
In the actual computations, we use (31) to evaluate the expectation value of the lattice Hamiltonian (26).
The computational method
We employ the direct computational method based on the transfer matrix, which is proposed in Ref. [26] , to evaluate the vacuum energy from the lattice action (19) and a lattice definition of Hamiltonian (26) .
To define the finite dimensional transfer matrix, the path integral is discretized by the Gauss-Hermite quadrature formula:
where S K is a set of zero points of K-th Hermite polynomials H K (x) and
with the weight function w K (x) =
. We can easily confirm that the standard form of Gauss-Hermite quadrature is obtained taking a function h(x) = e −x 2 f (x) as the integrand. Replacing each path integral measure of (24) by (32), we have an approximation of the partition function (23),
where
Here D t , ψ t andψ t are analytically integrated.
Thus we obtain
Similarly, the Witten index is also approximately given by
Note that T ± are K × K matrices which can be regarded as the matrix representations of the transfer matrices as discussed in the end of this section. Thus we can evaluate the approximate values of Z and w from the matrix products of T ± in (36) and (39) without using any stochastic process. With the transfer matrices T ± , (31) is also expressed as matrix products,
and
Except for two "dot" products in (40) , the others are the normal matrix product.
As discussed in Ref. [26] , the rescaling of φ provides optimized tensors. With the rescaling parameter s, we first change the variable as
before the discretization of the path integral measure. Repeating the same procedures above, we find that the tensors are modified as
The expectation value of Hamiltonian (40) is also given with the modified H B and T + :
The accuracy of the approximation is controlled by K and s. It is expected that the discretized expressions such as (36) and (40) approach the correct values as K increases for fixed s. As explained in the next section, a sufficiently large value of K and an optimized value of s are chosen to obtain the results as accurate as possible in actual computations. We finally make some remarks on the relation between T ± and the quantum HamiltonianĤ given by (1) . Since |± given in section 2.1 has two components, the wave function ψ(x) is expressed as two column vector,
In this representation, the operatorsb,b † , F =b †b and the Hamiltonian are also expressed as matrix forms,
The Witten index is then given by
and the partition function with anti-periodic boundary condition for the fermions is Z = Tr e −βĤ − + Tr e −βĤ + .
Comparing them with (39) and (36), we find that T ± can be regarded as the transfer matrices associated with two HamiltoniansĤ ± which are ones of the bosonic (−) and fermionic states (+).
Results
The vacuum energy is evaluated using the lattice model (19) in the case of φ 4 interaction for which SUSY is broken. We employ the direct numerical method based on the transfer matrix representations (36) and (39) . The expectation value of a lattice Hamiltonian, which is given by (26) , is also evaluated from (40) for several coupling constants. We will compare the strong coupling results with the previous Monte-Carlo results and the weak coupling results with the analytical solution estimated as the instanton effect.
The φ 4 theory is described by the superpotential (8) . Since g has the mass dimension 3/2, λ = g/m 3/2 is the dimensionless coupling. The lattice spacing is measured in the unit of the physical scale m and the continuum limit corresponds to am → 0. The physical lattice size is given by βm(= Nma) where N is the number of lattice sites. The computational parameters employed in this paper are summarized in Table 1 .
K GH which is the order of Gauss-Hermite quadrature and the rescaling parameter s should be tuned to reduce the systematic error from the numerical integration as well as the case of φ 6 theory studied in [26] . ). The partition function is zero if we impose the periodic boundary condition for the fermions since it is the Witten index that vanishes for φ 4 theory. To avoid an issue of ill-defined expectation value such as 0/0, we evaluate the expectation value of Hamiltonian H imposing the anti-periodic boundary condition for the fermions with β = 1/T as explained in section 2.2. The vacuum energy ǫ 0 is evaluated by taking the zero temperature and continuum limit as
We use a fixed large value of βm and a continuum extrapolation with the polynomial functions to obtain ǫ 0 in the following. decreases, β → ∞. We then find that βm = 6.4 is large enough to obtain the results within negligible finite temperature effects for λ = 10. With fixed βm = 6.4, we compute H /m for several am to take the continuum limit. In Figure 5 , the continuum extrapolation of H /m with fixed β = 6.4 is shown. We can smoothly extrapolate H β=6.4 /m to the continuum limit fitting ten finest points with a fit function f (am) = c 0 +c 1 (am)+c 2 (am)
2 . We estimate a systematic error from the difference among the fit results for five and ten finest points with and without one more higher order term c 3 (am)
3 . The maximum difference is used as the systematic error of fittings. Table 2 shows the result of the vacuum energy for λ = 10. The numerical value is known as ǫ 0 /m = 1.27616 which is obtained by a numerical diagonalization of Hamiltonian [41, 4] . Our extrapolated value H /m = 1.2761637 (1) is consistent with the known result. In Ref. [4] , the Monte-Carlo result with the linear extrapolation function does not reproduce ǫ 0 /m = 1.27616. Since the coefficient c 1 is consistent with zero, the linear extrapolation of [4] may suffer from significant systematic errors.
In Figure 6 , we also show the same scale plot as presented in Ref. [4] . Our results and the Monte-Carlo ones are consistent with each other. The origin of 10% discrepancy does not come from the definitions of lattice action (19) and lattice Hamiltonian (26) but from systematic errors associated with linear extrapolations as the authors of Ref. [4] discussed. We can conclude that the lattice Hamiltonian proposed in Ref. [4] works properly.
We evaluate the vacuum energy for weak couplings for which the numerical method becomes more severe as the potential barrier of the double well glows. The vacuum energy can be analytical evaluated through the analysis of the instanton rate [42] : We use a ratio of ǫ 0 to (56) at the leading order,
to test whether our computations reproduce the instanton effect (56) or not. R should behave as R = 1 + d 1 λ 2 + . . . for λ ≪ 1. Figure 7 shows the H /m for a weak coupling λ = 0.3 and 0.15 ≤ βm ≤ 40 at am = 0.03. The numerical values of H /m converge as temperature decreases as well as the case of λ = 10. We take βm = 64 as a sufficiently large value of the physical volume for the weak coupling, which is larger than that for λ = 10. With fixed βm = 64, we compute H /m for different lattice spacings am to take the continuum limit. Figure 8 shows the extrapolation of H /m to the continuum limit for βm = 64 and λ = 0.3. Table 3 shows the fit result of the continuum extrapolation with the quadratic function. Compared with Table 2 , we again confirm that c 1 is zero within the error. Although the lattice spacings are larger than those of λ = 10, the extrapolation effectively works within the precision of approximately 0.01%. This is because c 2 /c 0 ≃ 1 for λ = 0. continuum limit is actually much smaller than that from the λ → 0 limit.
In Figure 9 , we take λ → 0 limit using the linear function g(λ
The error is estimated by the difference from the fit for the finest four data points. We find that R = 0.998(7) − 0.91(16)λ 2 . The instanton effect is thus precisely reproduced from the lattice model (19) with the Q-exact definition of lattice Hamiltonian (26) using our method.
Finally, we present the vacuum energy for various coupling constants, √ 0.03 ≤ λ ≤ 100 in Figure 10 . We choose the rescaling parameter s of the computational method and the lattice spacing appropriately as shown in Table 1 . The vacuum energy is obtained in high accuracy as shown in Table 2 and Table 3 the order of 0.1% for the smallest value of coupling constant, λ 2 = 0.03.
Summary
We have evaluated the vacuum energy in N = 2 SUSY QM for the doublewell potential (φ 4 -theory) using the direct computational method proposed in [26] . Since the partition function with the periodic boundary condition for the fermions vanishes, we have measured the expectation of Hamiltonian at finite temperature and obtain the vacuum energy by taking the low temperature and continuum limit. The obtained energy coincides with the known results for various coupling constants. With the studies for the SUSY unbroken case [26] , we find that the employed method works properly with and without the SUSY breaking.
These results also establish the methodology of defining a lattice Hamiltonian in low-dimensional lattice SUSY actions. Since the accurate results are provided for very fine lattice spacings, we can precisely study how the lattice artifacts are appeared and controlled in the presence of the physical SUSY breaking. Those kinds of information are very useful in constructing higher dimensional SUSY lattice models and in studying the non-perturbative mechanism of SUSY breaking. 
